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Optimal Nonlinear Feedack Control
for Spacecraft Attitude Maneuvers

C.K. Carrington* and J.L. Junkinsf
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

Polynomial feedback controls for large-angle, nonlinear spacecraft attitude maneuvers are developed. A five-
body configuration consisting of an asymmetric spacecraft and four reaction wheels is considered. Attention is
restricted to the momentum transfer class of internal control torques; this, in conjunction with the choice of
Euler parameters as attitude coordinates, permits several important order reduction simplifications. Three
numerical examples are included to illustrate applications of the concepts presented.

Introduction

RAPID large-angle attitude maneuvers have become in-
creasingly important to the success of many current and

future spacecraft missions. These maneuvers are characterized
by nonlinear behavior, however, resulting in a control prob-
lem that is likewise nonlinear. One approach to feedback con-
trol of nonlinear motion is " gain scheduling" in which the
control history is divided into segments, each determined by
its own set of linear gains. A more attractive approach is con-
trol of the entire nonlinear maneuver by a single set of gains.

For the latter approach, a method is presented whereby the
optimal nonlinear control problem is solved in polynomial
feedback form and a suboptimal control law is determined by
truncation. Currently there are two approaches used to deter-
mine the polynomial coefficients for the control. One is to ex-
pand the coast-to-go functional as a polynomial in the states
and then recursively solve the Hamilton- Jacobi-Bellman equa-
tion, as discussed by Willenstein,1 Dabbous and Ahmed,2 and
Dwyer and Sena.3 In the method used here,4 the control itself
is expanded as a polynomial and the coefficients determined
recursively from the costate equations.

General Formulation
Polynomial state equations may be written in indicial nota-

tion as

/=1,2,..., /i) (1)

where x] are the states and uf the controls to be determined.
Consider the optimal control problem of finding a feedback
control law that brings the states to zero while minimizing a
quadratic performance index

I f ' /
= ——L j f Q uufUj } dt (2)

The Hamiltonian for this system is

JC = V2 {q^^ + rfjUfUj} (3)

where it is understood that xt is symbolic for the right-hand
side of Eq. (1). The necessary conditions for a minimum pro-
vide the state equation, Eq. (1),

and the costate equation

x,.= - 33C

For unbounded control

which implies

aac
- = 0

(4)

(5)

(6)

(7)

where r»1 represents the elements of the matrix inverse of rfj.
By assuming the costates can be expressed as a polynomial in
the states, as in Ref. 4,

(8)

a nonlinear feedback control law is determined in which kfj:(t)
and dijk(t) are the control gains sought. By substituting Eq.
(8) into Eq. (5) and carrying out the ensuing algebra, we are
led to n homogeneous polynomial equations of the form

(9)
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where

[a] = function (A,B,Q,R,K,K)

[0] = function (A,B,C,R,K,D,D)

and K and D are arrays whose elements are the gains kfj and
dijk. Since Eq. (9) must hold at every point in the state space, it
is concluded that the functions in brackets must vanish in-
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dependently, so we obtain

[a(A,B,Q,R,K,K)]=0 (10)

(11)

Equation (10) is a matrix differential equation determining the
linear feedback gains; upon carrying through the details, we
find that the scalar equations of Eq. (10) are precisely the
elements of the matrix Riccati equation which generates the
optimal feedback control if all nonlinear terms in the state
equation are absent. The solution for the matrix Riccati equa-
tion can be determined by Potter5 or Turner's6 method, in
which an associated eigenvalue problem is solved and matrix
exponentials are used.

The quadratic feedback gains are determined by Eq. (11),
which can be rearranged into a set of linear differential equa-
tions of the form

where
M = function (A,B,C,R,K)

[7] = function (A,B,C,R,K).

(12)

(13)

Upon solving the Riccati eqaution for the linear gains klm ( t ) ,
Eq. (12) provides nonautonomous, nonhomogeneous, but
linear equations that determine the quadratic gains dijk(t).
For the steady-state case, Eqs. (10) and (11) can be solved
algebraically for the constant feedback gains subject to

k — // — o (\&\*• tm ~ u Imk ~ ^ V1 v

The kem are solutions of the algebraic Riccati equation, and
the d^ are obtained by setting dijk = 0 in Eq. (12) and invert-
ing the linear algebraic system. In the numerical examples con-
sidered herein, attention is restricted to the constant gain case.

Since for n states there are n2(n+l)/2 equations in Eq.
(12), we do not include the algebra of the system considered
here. The emphasis of this discussion is the following
generalization: After solving the Riccati equation for the
linear gains, one is led to sets of linear differential equations,
of the functional form shown in Eq. (12), that can be solved
sequentially to obtain the quadratic gains, the cubic gains, and
so on, up to any desired order. The differential equations for
the gains of each order depend upon the lower order gains.

Scalar Example
Consider the optimal control problem of minimizing the

following performance index:

"4!''z j tn

subject ot the state equation

The costate equation is
\= — x+\-2e\x

and the control is
u=~\

Table 1 Scalar example
performance indices

(15)

(16)

(17)

(18)

Feedback
order

1
2
3
4
5

Performance
index

4314.8
3796.4
3725.5
3717.2
3716.8

STRTE VRRIflBLE X

CONTROL TORQUE

2 3

TIME (SEC)

Fig. 1 Scalar example: 1, linear feedback; 2, linear plus quadratic
feedback; 3, linear through cubic feedback.

Fig. 2 Momentum reference frame.

skew

Fig. 3 NASA standard four reaction wheel attitude control system.
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Assuming the costate as a polynomial in state x,

2x2 + k3 (19)

then the coefficient differential equations corresponding to
Eqs. (10) and (11) and higher order terms are

k2 -3(^

- 5 (k{ + 1 )k4 = 5k2k3 - 5k3e

- 6 ( ̂  + 1 ) A:5 = 6k2k4 + 3k2
3 - 6k4e

+ kn/2kn/2+ !-/:„_! e } for n even

for n odd (20)

Making the change of variable from time t to time-to-go
= tf—t and assuming a solution of the form

k2 = z\ z2

k3 = z\ z3

(21)

where klss is the steady-state solution for k i f we obtain the
following equations:

dr

— 4(1 i 2Z2
2

•^
dr

- — («+!)(! +klss)zn =dr

+ Z3Zn-2

f°r

/2> ) for * °dd

(22)

The variable changes of Eqs. (21) are generalizations of and
were motivated by Refs. 6 and 7.

Equations (22) are easily solved, subject to specification of
the boundary conditions; e.g., kl (T) = ... = k2(r) =0 at r = 0.

Substitution of the solution for z/(r) into Eqs. (21) and then
Eq. (19) yields a polynomial feedback control law with time-
dependent coefficients.

A numerical example for the scalar case is included, using
e = 0.01 and // = 5 s. The performance indices are given in
Table 1, and the state variable and control histories are given
in Fig. 1. Curves corresponding to fourth- and fifth-order
feedback are coincident with third order and, hence, are not
plotted. Fifth-order polynomial feedback essentially has con-
verged to the optimal control for this scalar problem.

A system for attitude control of a spacecraft with four reac-
tion wheels is now examined.

Spacecraft Orientation
Euler Parameters

A spacecraft body-fixed reference frame { b } is related to an
inertial frame {/*} by the direction cosine matrix [C(/3)],

(23)

where [C(/3) ] is defined in terms of the four Euler parameters
(iffoA,^,^).8 These attitude variables are related to the
body-frame components of the spacecraft angular velocity o>
by the following kinematic differential equations:

(24)
with

Momentum Reference Frame
In addition to using an arbitrary, general inertial frame

{«), a special inertial angular momentum frame [h] is in-
troduced where h2 is aligned with the system angular momen-
tum //, as discussed by Vadali and Junkins9 and Kraige and
Junkins.10 The other two unit vectors can be defined by the
directions nl and n3 assume after n2 is rotated to coincide with
H (see Fig. 2). This reference frame can be considered inertial
if the external torques are negligible during the maneuver and
only internal torques are present. As is shown below, in-
troducing this frame allows a use of the angular momentum
integral to reduce the number of state variables.

The orientation of {b} with respect to the momentum
frame {h} is given by the projection

(25)

where the 3x3 direction cosine matrix [C] is a function of
four variable Euler parameters (60,61,62,63). The inertial
frame {n} is projected onto {h} by

where (o^,^ ,cx2,a3) are constant Euler parameters since both
{n} and [h] are inertial. Using the inertial frame {n} com-
ponents of the system angular momentum

H=Hnlnl + Hn2n2 + Hn3n3

the constant a, Euler parameters can be defined as

(27)
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(28)

The 6, Euler parameters are then related to the (x{ parameters
by the bilinear, orthogonal equation

-ce2

(29)

and are related to the body- frame components of o> by the dif-
ferential equations

60 = —

62 =

0)3)

— 63o>2 + 62co3)

+ 60o>2 —

= - 1/2(62co1 -61co2-60a)3) (30)

It can be shown from Eq. (25) and using the algebraic expres-
sions for [c(6)] from Ref. 8 or 10 that

+ 2(6253-6061)£3 (31)

so the body- frame components of the^system angular momen-
tum can now be written from H=Hh2 as

H3=2(d2d3-d0d{)H (32)

Thus we have an explicit relationship to eliminate Hf in terms
of 6,-.

Spacecraft and Reaction Wheel Dynamics
An arbitrary asymmetric spacecraft with four reaction

wheels in NASA standard configuration is considered (see Fig.
3). The system angular momentum H is the sum of the
spacecraft and wheel angular momenta; the body components
of H and o> are related by

(33)

where [/*] is the system inertia matrix with respect to the
body frame { b } , 0 a vector of the four-wheel angular
velocities, and [/] the wheel axial moment of inertia matrix
defined by [J] =diag {/„•},-/= 1,2,3,4. [C] is a 4x3 matrix
whose rows are the three orthogonal body-frame components
of four unit vectqrs along the wheel spin axes.

Assuming negligible external torques, the time rate of
change of the angular momentum is zero, and thus the
Eulerian equation of motion is obtained

H= [/*]« [c5]//=0 (34)

where
0 — co3 o)2

o?3 0 —ojj

_-0>2 0)! 0 (35)

The reaction wheel equations of motion are

(36)

where the four components of the control vector u are the ax-
ial torques applied to their respective wheels by the motors. To
eliminate the wheel angular velocities 12 from the spacecraft
equations of motion, Eq. (36) is multiplied by [ C]T and then
substituted into Eq. (34) to obtain

(37)

where [G] = [/*-Cr/C] "*, a constant matrix. Implicit in
Eq. (37) is the substitution of Eqs. (32); thus, co=/(o>,6,w).
Notice the pleasing truth that rest-to-rest maneuvers
(characterized by H = 0) remove all of the gyroscopic terms in
Eq. (37). It is evident that, for this class of maneuvers, angular
velocity control is near trivial and attitude control is nonlinear
only because of kinematic nonlinearities.

The three equations of motion in Eq. (37) and the four at-
titude equations in Eq. (30) will be used to determine the state
equations.

Optimal Feedback Control Formulation
State Equations

To obtain state equations of the form

x=Ax + F(x)+Bu (38)

in which A is a constant coefficient matrix and F(x) a vector
function containing the nonlinear terms, let the state variables
be the spacecraft angular velocities co/ and Euler parameter
differences 6,; thus, the seven-element state vector is

x = a>2 a>3 60 6j 62 63

where
/ = 0,1,2,3)

(39)

(40)

These new state variables introduce linear terms into the
dynamic and kinematic equations, Eqs. (37) and (30),
respectively.

The elements of the A matrix for the linear part of the state
equations are found to be

"n =£12^3 -£13^

022 =

a42=-d2(tf)/2

a5l=d0(tf)/2

a43=-d3(tf)/2

a52=-53(tf)/2

a6l=63(tf)/2

a13=d0(tf)/2

y = 4,. ..,7) (41)

where //° is Eq. (32) evaluated at 6 /(f /) and gu are the
elements of matrix [G] defined after Eq. (37). Notice that a^
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CE-3)
B

Q
<T
Ql

60 120

TIME (SEC)

60 120 180

TIME (SEG)

120 180 240

TIME (SEC)

Fig. 4 Case 1: Spacecraft angular velocities.

are explicit functions of the specific terminal state 6/(/y). and
the magnitude of the system angular momentum H. B is a
7x4 matrix

-[G](C]T

0

and the vector F(x) contains quadratic and cubic terms in */.

Performance Index
Two quadratic performance indices are considered

(43)

(42)

and

where
m=[C]Tu

(44)

(45)

-5.0
<T
Ou

120 180

TIME (SEC)'

120

TIME (SEC)

Uu
0)

120 180

TIME (SEC)

240

Fig. 5 Case 1: Wheel angular velocities: 1, linear feedback; 2, linear
plus quadratic feedback.

is a 3 x 1 vector containing the orthogonal components of the
vector sum of the motor torques. J{ penalizes the four motor
torques and J2 penalizes their projections on the principal
axes.

In the numerical examples, performance index J{ is used for
maneuvers involving all four wheels. Performance index J2
may also be used with four wheels, but the wheel torques are
not unique, as shown below. All examples utilizing three
wheels use J2» m which the 4x3 matrix [C] in Eq. (45) is
replaced by its .3x3 nonzero submatrix. Q is a positive
semidefinite weighting matrix, and R and W are identity
matrices for the examples considered.

Feedback Control
For the performance index in Eq. (43), the optimal control

is
u=-R~lBT\ (46)

where Bl is the B matrix of Eq. (42). The analogous develop-
ment for the performance index of Eq. (44) uses the state
equations in the form

x=Ax + F(x)+B2m (47)
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Table 2 Moments of inertia,
_______kg-m2________

/i 86.215
/2 85.070
/3 113.565
Ja 0.05

Table 3 Inertia and wheel geometry matrices

[/*] =

„

"

87.212 -0.2237

-0.2237 86.067

-0.2237-0.2237

1 0

0 1

0 .0

V3/3 V3/3

-0.2237'

-0.2237

114.562

Q

0

1

V3/3

Table 4 Case 1: Boundary conditions

0 60 120 180

Fig. 6 Case 1: Control torques.

where B2 is a 7 x 3 matrix

0

The optimal control m for J2 is

(48)

(49)

and the wheel torques u are obtained by inverting Eq. (45).
This solution for u is not unique unless [ C] is a square matrix.

Numerical Examples
Several examples are considered for an asymmetric

spacecraft with four reaction wheels, as shown in Fig. 3. The
moments of inertia of the spacecraft without the wheels and
the wheel axial moment of inertia are given in Table 2; the in-
ertia matrix [/*] and the wheel geometry matrix [C] are
given in Table 3. All examples were performed using linear
and quadratic steady-state gains with free final time t f . The ex-
amples start with zero initial conditions for wheel and
spacecraft velocities and end with large initial conditions.

Case 1
A four-wheel maneuver using Jl and several three-wheel

maneuvers using J2 are executed, all with zero initial wheel
speeds. Boundary conditions are given in Table 4 using the
3-1-3 Euler angles. Table 5 contains the performance indices,

«i
w2

<Ae
<p
50
5j
a2
53
^0

^2
^3
O j .

fi3
Q4

Initial states

0.0001
0.0001
0.0001
-7T/2

-7T/3

-T/4
-0.54611

0.47921
0.67687
0.11820

-0.33141
0.46194

-0.19134
0.80010

0.0
0.0
0.0
0.0

Final states

O.Q
0.0
0.0

7T/2

7T/3
7T/4

-0.30257
-0.13976

0.81747
046974

0.33141
0.46194
0.19134
0.80010

_ a
_ a
_ a
_ a

aSpecific final boundary conditions for Q/( jy) need not be
formally enforced; these are determined implicitly because
angular momentum is conserved; i.e., for //= const and
u(tf) specified, !!(//) is implicitly constrained by Eq. (33).

Table 5 Case 1: Performance indices

Four wheels, J^
Qi
Qi

Skew wheel off, J2

Qi
62

Third wheel off, J2

Q^
Second wheel off, J2

Q^
First wheel off, J2

Qi

Linear
feedback

6.15126
5.76886

6.48600
5.92983

5.93077

5.92980

5.92962

Linear plus
quadratic
feedback

6.13691
5.62314

6.47143
5.73828

5.76176

5.76077

5.76071
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-0.1

. . . . . . -1 .
TIME (SEC)

. . . . . . . . i. . I . . . . . l

TIME (SEC)

-0.1 L

TIME (SEC)

Fig. 7 Case 2: Control torques: 1, linear feedback; 2, linear plus
quadratic feedback.

which are evaluated at tf= 120 s for the four-wheel maneuver
and ^ = 240 s for the three-wheel maneuvers.

A comparison of performance indices with full and partial
weighting on the Euler parameters is made. Ql indicates full
state penalties in the performance index, and Q2 implies that
no penalties are put on 60. Figures 4 and 5 show the spacecraft
and wheel angular velocities for the case of three orthogonal
wheels (skew wheel off.) arid Q2 in performance index J2»
which produced the lowest three-wheel performance index.
The control torques are shown in Fig. 6.

Case 2
A rest-to-rest maneuver with nonzero initial wheel speeds is

performed with three orthogonal wheels (skew wheel off) and
no penalty on 60 in performance index J2. This weighting pro-
duced the lowest performance index in cases 1 and 2. The
boundary conditions are given in Table 6 and the performance
indices evaluated at tf = 240 s are given in Table 7. Since the in-
itial and final Eulef angles are the same as in case 1, the Euler
parameters ft are the same, but the system angular momen-
tum is larger and, hence, the Euler parameters 6, are different.
Figures 7-9 plot the spacecraft and wheel angular velocities
and control torques. Note that the final wheel speeds are 75,
50, and 100 rad/s for Ql9 Q2> and 03, respectively.

Case3
A three-dimensional maneuver is demonstrated for the

three-wheel configuration with large initial spacecraft angular

aCEa:

120 180

TIME (SEC)

(E-2)
3

60 120 180

TIME (SEC)

210

Uuif}\acr
01

60 120 180
TIME (SEC)

Fig. 8 Case 2: Spacecraft angular velocities.

velocities and the initial wheel speeds of case 2. The boundary
conditions for this maneuver are given in Table 8. Perfor-
mance index J2 was used, once with equal weights on all Euler
parameters 6/ and once with no weight on 60. Only linear feed-
back was used for both performance indices to demonstrate
the differences between full and partial weighting, although
quadratic feedback improves control performance when stable
linear control is obtained. Figures 10 and 11 give the time
histories of the Euler parameters, spacecraft angular
velocities, arid wheel speeds for these two cases.

Discussion
The performance indices in Tables 5 arid 7 were reduced

when quadratic feedback was added to the linear control. In
both cases quadratic feedback produced Euler parameters that
reached their final states earlier and resulted in a lower perfor-
mance index. This also occurred with the spacecraft angular
velocities in case 2.

A comparison was made between full and partial Euler
parameter weighting in the performance index, since specify-
ing values for three Euler parameters automatically produces a
value for the fourth when the nonlinear state equations are
used. No stability problems were encountered using partial
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75

U
Ucn\accoc

u
g -25

EULER PRRRMETERS DELTR
LINERR FEEDBRCK

TIME (SEG)

Uu(/)

g
N -30
cr
u
i -SB

120

TIME (SEC)

200

120

TIME (SEC)

Fig. 9 Case 2: Wheel angular velocities: 1, linear feedback; 2, linear
plus quadratic feedback.

CL
* -0.2

SPRCECRRFT RNGULRR VELOCITIES
LINERR FEEDBRCK

TIME (SEC)

WHEEL RNGULRR VELOCITIES
LINERR FEEDBRCK

120 188

TIME (SEC)

Fig. 10 Case 3: Unstable control.

Table 7 Case 2: Performance indices

Linear feedback
Linear plus quadratic feedback

4.81211
4.29420

Table 6 Case 2: Boundary conditions Table 8 Case 3: Boundary conditions

Initial states

(•>! 0.0
o>2 0.0
o>3 0.0
0 -7T/2

0 -7T/3
<p -T/4
60 -0.12815
6! 0.59459
62 0.45281
63 0.65192
Q! 50.0
Q2 -75.0
Q3 100.0
Q4 0.0

Final states

0.0
0.0
0.0

7T/2

7T/3
7T/4

0.37037
0.10026
0.74062
0.55159

_ a
_ a
_ a
_ a

w,
«2
«3

<t>e
f
«0«1

• « 2
«3
Q,
Q2Q3
Q4

Initial states

0.0
0.0

-0.01
-7T/2

-7T/3
-7T/4

-0.22769
0.47213
0.84335
0.11840

50.0
-75.0
100.0

0.0

Final states

0.0
0.0
0.0

7T/2

7T/3
7T/4

-0.07728
-0.25249

0.93018
0.24472

_ a
_ a
_a
_a

aSee Table 4 footnote. aSee Table 4 footnote.
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0.5 -

EULER PRRflMETERS DELTR
LINERR FEEDBflCK

TIME (SEC)

180

0.10

SPRCECRRFT RNGULRR VELOCITIES
LINEflR FEEDBRCK

TIME (SEC)

WHEEL RNGULRR VELOCITIES
LINERR FEEDBRCK

TIME (SEC)

0 60 120 180

Fig. 11 Case 3: Stable control.

weighting as long as spacecraft velocities were small, but in
case 3 partial weighting produced the tumbling behavior in
Fig. 10. This unstable behavior occurs because the linear feed-
back gains are determined by only the linear parts of the state
equations. Although the nonzero eigenvalues of
A-BR~1BTK have negative real parts, so that the linear
closed-loop system is stable, the nonlinear terms in the state
equations are large and produce unstable behavior in the
simulation. Similar behavior is seen in cases 1 and 2, except
that the quadratic terms in the state equations change 60 by a
smaller perturbation that is not destabilizing.

When the departure motion of all four Euler parameters is
penalized in the performance index, linear gains are deter-
mined that will keep 60 close to its desired final state. The
quadratic terms in the state equations then do not produce

destabilizing corrections to the linear closed-loop equations,
since bounds have been placed on the states through the per-
formance index. As is evident in comparing Figs. 10 and 11,
introducing the penalty on 60 departure motion eliminates the
tumbling motion and yields an attractive optimal maneuver.

Conclusions
Polynomial feedback on angular velocities and Euler

parameters have been used for nonlinear control of a
spacecraft with four reaction wheels. A comparison of linear
and quadratic control was made, with a reduction in the per-
formance index for quadratic feedback. When using redun-
dant attitude variables, care must be taken so that the linear
gains (based upon linearized departure motion state equa-
tions) result in modest violations of the implicit constraints.
This may be enforced by penalizing all states in the perfor-
mance index weight matrix.
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